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In certain string inspired higher dimensional cosmological models it has been conjectured that
there is generic, chaotic oscillating behavior near the initial singularity – the Kasner parameters
which characterize the asymptotic form of the metric “jump” between different, locally constant
values and exhibit a never-ending oscillation as one approaches the singularity. In this paper we
investigate a class of cosmological solutions with form fields and diagonal metrics which have a
“maximal” number of composite electric S-branes. We look at two explicit examples in D = 4 and
D = 5 dimensions that do not have chaotic oscillating behavior near the singularity. When the
composite branes are replaced by non-composite branes chaotic oscillating behavior again occurs.
I. INTRODUCTION
In [1, 2, 3, 4, 5, 6] the behavior of certain multidimensional solutions with block-diagonal metrics were examined
in terms of the billiard representation in generalized Lobachevsky spaces. The billiard representation is a graphical
method of studying the asymptotical motion of the point described by the anisotropic minisuperspace coordinates,
za(t), in a region enclosed by “hard walls” which come from the matter sources. The point with coordinates, za(t),
moves inside this region until it encounters a “wall” at which point it recoils according to the reflection law moving
toward another “wall” in the manner of a billiard ball on a billiard table. It was shown that certain multidimensional
cosmological solutions exhibit oscillating behavior near the singularity in the sense that the anisotropic part of min-
isuperspace coordinate functions, that characterize the solutions, exhibit a never-ending oscillation as one approaches
the singularity. The first example of such behavior near the singularity was discovered in a 4-dimensional Bianchi-IX
cosmological, “mixmaster” model [7] by Belinskii, Lifshitz and Khalatnikov in [8].
The “billiard” description of this behavior in the 4D case was suggested by Chitre in [9]. More recent publications
can be found in [10, 11, 12, 13]. In [1, 2, 3, 14] this billiard approach of Chitre was generalized to the multidimensional
case.
In the case of multidimensional gravity with either “perfect-fluid” or scalar and form fields, one can give conditions
under which one does or does not get never-ending oscillating behavior near the singularity. Here we give a brief
summary of these conditions. In [3] a detailed description of the billiard approach for the multidimensional model
with an m-component “perfect-fluid” matter source was given. This model was defined on the manifold
M = R ×M1 × . . .×Mn, (1)
with the block-diagonal metric described by the line element
ds2 = − exp[2γ(t)]dt2 +
n∑
i=1
exp[2xi(t)]g(i)mi,ni(yi)dy
mi
i dy
ni
i (2)
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2where the manifold Mi with the metric g
(i) is an Einstein space of dimension di, i = 1, . . . , n; n ≥ 2. The matter
sources had an equation of state with the pressures being proportional to the densities
p
(ν)
i =
(
1− u
(ν)
i
di
)
ρ(ν), (3)
where u
(ν)
i = const, with i = 1, . . . , n and ν = 1, . . . ,m. It was also assumed that
n∑
i=1
u
(ν)
i > 0. (4)
for all ν. The densities were restricted to be positive definite, ρ(ν) > 0, for any component with a positive square of
the vector u(ν) defined with respect to the dual minisupermetric as
(u(ν))2 =
n∑
i=1
(u
(ν)
i )
2
di
+
1
2−D
(
n∑
i=1
u
(ν)
i
)2
> 0, (5)
where D is total dimension of M in (1).
Using the billiard approach [1, 2] it was shown in [3] that the solutions to higher dimensional Hilbert-Einstein
equations with pressures and densities satisfying the above conditions had asymptotical Kasner-like behavior as
τ → +0
ds2as = −dτ2 +
n∑
i=1
Aiτ
2αig(i)mi,ni(yi)dy
mi
i dy
ni
i , (6)
when there existed Kasner parameters in (6) obeying the following two relations:
n∑
i=1
diα
i = 1, (7)
n∑
i=1
di(α
i)2 = 1 (8)
and the following inequalities were valid
n∑
i=1
u
(ν)
i α
i > 0 , if (u(ν))2 > 0. (9)
Here τ is the proper time given by dτ2 = e2γ(t)dt2 and all Ai > 0. When the condition (9) was not satisfied, namely,
if for any Kasner set of parameters α there existed a fluid component with index ν0 (obeying (u
(ν0))2 > 0 ), such
that
n∑
i=1
u
(ν0)
i α
i ≤ 0, (10)
one finds never-ending oscillating behavior near the singularity similar to that of Bianchi-IX model.
In [5] the above analysis was repeated but with the matter sources given by scalar fields and form fields. The action
for this system was given by
Sg =
∫
dDx
√
|g|
(
R[g]− hαβgMN∂Mϕα∂Nϕβ −
∑
a∈∆
θa
na!
exp[2λa(ϕ)](F
a)2
)
(11)
where g is the multidimensional metric with the line element gMN (x)dx
MdxN , ϕ = (ϕα) ∈ Rl, is vector of scalar
fields, and F a = dAa is an na-form field. Also in (11) hαβ is a constant, symmetric, positive definite, l × l matrix,
3na ≥ 1, θa = ±1, λa(ϕ) = λaαϕα gives the coupling between the dilaton and form fields, a ∈ ∆ with ∆ being some
finite set, and α = 1, . . . , l. The set ∆ can be thought of as a set of “color” indices.
In [5] the form fields in (11) were taken to have an electric, composite brane ansatz, e.g. describing S-branes
(or space-like branes). Previous, related work on cosmological and S-brane solutions can be found in [15]-[33] and
references therein. For a (p + 2)-form field this composite ansatz is written as F =
∑
I∈Ωe
dΦI ∧ τ(I) where ΦI is a
scalar potential, Ωe is the set of multi-indices of the form {i0, i1, ..., ip} with ik being a number in the set (1, ..., n), and
τ(I) is a p+1 volume form. A non-composite ansatz would involve only a single term with no sum i.e. F = dΦI∧τ(I).
More details on the electric, composite ansatz are given in the next section. Using this composite, electric ansatz
some special classes of cosmological solutions where found on the manifold (1) and a billiard representation near
the singularity was obtained, when certain restrictions on the brane configuration were imposed – these included
restrictions on brane intersections that guaranteed the block-diagonality of the stress energy-tensor (see also [34]).
Using this representation it was shown that under certain conditions the solutions under consideration had a metric
in (2) with asymptotic Kasner behavior as in (6) and with the scalar fields of the asymptotic form
ϕβas = α
β ln τ + const, (12)
as τ → +0. The set of Kasner parameters for the metric and scalar fields, α = (αA) = (αi, αβ), obeyed (7) and the
following relation
n∑
i=1
di(α
i)2 + αβαγhβγ = 1 (13)
instead of (8). The conditions under which this asymptotic Kasner behavior of the metric and scalar field occurred
were formulated in terms of brane Us co-vectors
Us(α) ≡ UsAαA ≡
∑
i∈Is
diα
i − χsλasγαγ , (14)
with the scalar products being positive definite
(Us, Us) = ds
(
1 +
ds
2−D
)
+ λasαλasβh
αβ > 0. (15)
Namely, one obtained asymptotic Kasner type behavior if for all branes (with (Us, Us) > 0)
Us(α) > 0. (16)
In the above ds is the dimension of the brane world-volume manifold, as ∈ ∆ is a color index for the brane, and
χs = +1,−1 for electric or magnetic brane, respectively. Here for any brane labeled by index s the set Is = {i1, . . . , ik},
i1 < . . . < ik, describes the location of brane, i.e. the brane is “attached” to the sub-manifold Ms = Mi1 × . . .×Mik .
The vectors u
(ν)
i and U
s
A play similar roles for the respective cases of perfect fluid sources and brane sources. In the
case when the condition (16) was not satisfied, namely, if for any Kasner set of parameters, α = (αA), there existed
a brane with an index s0 (obeying (U
s0 , Us0) > 0), such that
Us0(α) ≤ 0, (17)
one obtained never-ending oscillating behavior near the singularity.
It should be stressed that the billiard approach of [5] was derived in a class of block-diagonal metrics defined on
the product of Einstein spaces (1) with certain restrictions imposed on the signatures of the Einstein metrics, g(i).
These restrictions are similar to the conditions ρ(ν) > 0 for (u(ν))2 > 0 in the multicomponent fluid case.
In [35] Damour and Henneaux conjectured that the never-ending oscillating behavior is generic to a certain class of
string theory inspired cosmologies (see also [36] for a review). Moreover, the authors of [35] give a sketch of a proof
of this conjecture. Although the ansatz for the cosmological metric in [35] contained d-beins leading to additional
gravitational walls in the billiards and the Kasner parameters also depended of spatial coordinates, the analysis of
[35], in essence, deals with Bianchi-I type model with a maximal number of composite electric branes that form the
billiard walls according to the prescription of [5]. The gravitational walls are irrelevant for the proof in [35]. The key
point of this proof is the verification of inequalities (17) for the maximal set of electric branes. (In [35] the coefficients
UsA in the linear functions U
s(α) = UsAα
A were called electric and magnetic exponents.) This verification was carried
out for D = 11 supergravity (M -theory), and also for the four D = 10 string theories – types IIA, IIB, I and
heterotic (H) – using dualities.
4In their paper [35] the authors did not sketch a proof of their conjecture for pure cosmological non-diagonal metric
with the line element of the form
ds2 = − exp (2γ(t))dt2 + gij(t)dyidyj . (18)
In essence the authors in [35] dealt with the pure cosmological diagonal Bianchi-I type metric (the non-homogeneity
of the metric and the presence of (D− 1)-beins were irrelevant for the proof) but they did not take into consideration
the (D − 1)(D − 2)/2 equations coming from the non-diagonal part of Hilbert-Einstein equations.
This naturally leads to the question as to whether the conjecture of Damour and Henneaux may be reformulated
somehow for composite S-brane solutions with diagonal metrics. At present we have no examples of solutions in string
inspired cosmologies with never-ending oscillating behavior near the singularity when the metric is diagonal.
In this paper we point out that a certain class of composite S-brane solutions with diagonal metrics can avoid this
oscillating behavior near the singularity even if the diagonal part of Hilbert-Einstein equations leads to “confining”
billiards.
In section 2 we give the general set up of our system of (D = n+1)-dimensional gravity with (p+2)-form field. We
consider a composite Sp-brane ansatz for the antisymmetric (p+2)-form field, with all the ansatz functions depending
only on the time coordinate. An important feature of the composite ansatz is that the charge densities of the branes
obey certain quadratic constraints [33, 34]. In [33] it was found that these constraints have “maximal” solutions
with all non-zero electric brane charge densities in specific odd dimensions with specific rank of the form fields (i.e.
D = 5, 9, 13, . . . and p = 1, 3, 5 . . . , respectively). In section 2 we review these solutions for the model of [33] but
without the scalar field.
In section 3 we give two explicit examples how the oscillating behavior near the singularity is stopped when one
replaces non-composite S-branes (non-composite usually means that for one form there are no more than one brane)
with the composite S-branes. The two examples both have diagonal metrics, and spacetime dimension and (p + 2)-
forms given by D = 4, p = 0 and D = 5, p = 1, respectively.
II. D-DIMENSIONAL GRAVITY WITH (p+ 2)-FORM
The multidimensional system considered here is similar to that of [33] but without the scalar field. The action is
given by
S =
∫
M
dDz
√
|g|
[
R[g]− 1
q!
F 2[q]
]
, (19)
where g is the metric with the line element gMNdz
MdzN (M,N = 1, . . . , D), and
F[q] = dA[q−1] =
1
q!
FM1...Mqdz
M1 ∧ . . . ∧ dzMq , (20)
is a q-form (q = p+2 ≥ 2) on a D-dimensional manifold M . The manifold is of the form M = (t−, t+)×Rn with the
first coordinate t being the distinguished, time-like coordinate. The metric is diagonal and of the form
ds2 = −e2γ(t)dt2 +
n∑
i=1
e2φ
i(t)(dyi)2. (21)
The ansatz functions γ(t), φi(t), and the q-forms are assumed to depend only on the distinguished, time-like coordinate
t. The functions γ, φi are smooth.
The (q = p+ 2)-form, F , is taken in the electric composite Sp-brane ansatz of the form
F =
∑
I∈Ωe
dΦI ∧ τ(I) (22)
where ΦI is a scalar potential. This ansatz is composite since it is a sum of monomial terms rather than a single term
for the non-composite case. In (22) Ωe is the set of multi-indices having the form {i0, i1, ..., ip} (all ik are among the
numbers 1, ..., n).
In (22) we have introduced a volume form of rank d(I) = p+ 1
τ(I) ≡ dyi0 ∧ . . . ∧ dyip , (23)
5here I = {i0, ..., ip} which corresponds to the brane submanifold with the coordinates yi0 , . . . , yip .
The scalar potential depends only on the distinguished, time-like coordinate, i.e. ΦI = ΦI(t). The solution of the
“Maxwell” equations for the scalar potentials ΦI(t) has the following form [33]
Φ˙I = QI exp(2U
I), U I = U I(φ) =
∑
i∈I
φi. (24)
where QI are constant charge densities and I ∈ Ωe. The q = (p+ 2)-form then reads
F[q] =
1
(p+ 1)!
Qi0...ip exp(2φ
i0 + · · ·+ 2φip)du ∧ dyi0 ∧ · · · ∧ dyip (25)
where Qi0...ip are components of antisymmetric form coinciding with Q(I) for i0 < · · · < ip.
Since the Ricci tensor is diagonal one finds
FiM2...MqF
M2...Mq
j ∝ Tij = 0, i 6= j. (26)
where Tij is the stress-energy tensor. This leads to constraints among the charge densities, Qi0...ip . Absorbing the
functional dependence on t into the definition of the charge densities as Q¯i0...ip via
Q¯i0...ip ≡ Qi0...ip
p∏
k=0
exp(φik ) , (27)
one can write the constraints as [33]
Cji ≡
n∑
i1,...,ip=1
Q¯ii1...ipQ¯
ji1...ip = 0, (28)
i 6= j, i, j = 1, . . . , n. Here the indices are lifted by the flat Euclidean metric (ηab) = (ηab) = diag(1, . . . , 1). These
Q¯i0...ip can be viewed as “running” charge densities with the functional dependence coming from φ
ik(t).
In [33] it was shown that for
D = 4m+ 1, p = 2m− 1, (29)
these constraints could be satisfied if the non-running charge densities were self-dual or anti-self-dual in a flat Euclidean
space Rn, i.e.
Qi0...ip = ±
1
(p+ 1)!
εi0...ipj0...jpQ
j0...jp = ±(∗Q)i0...ip , (30)
and if all the scale factors were the same
φi(t) = φ(t). (31)
In (30) εi0...ipj0...jp is the completely anti-symmetric symbol.
Along the lines of [33] (when a scalar field was present) the equations of motion for the action (19) have the following
solution when relations (29) are satisfied:
φ(t) =
2
n
f(t) , f(t) = − ln
[
(t− t0)|Q2K|1/2
]
, (32)
ds2 = −e2nφ(t)dt2 + e2φ(t)
n∑
i=1
(dyi)2, (33)
F = e2f(t)dt ∧Q, Q = 1
(p+ 1)!
Qi0...ipdy
i0 ∧ · · · ∧ dyip , (34)
where K = − n4(n−1) and Q2 =
∑
I∈Ωe
Q2(I). In the above the ansatz function γ(t) =
∑n
i=1 φ
i(t) = nφ(t) because
of (31). The charge density form Q is of rank n/2 = 2m and is self-dual or anti-self-dual in a flat Euclidean
space Rn: Q = ± ∗ Q. This solution may be obtained from that of reference [33] by taking the parameters as
6C = C1 = C2 = λ = 0. Note that this solution with composite form field does not have oscillating Kasner like
behavior as one approaches the singularity at t→ +∞ (or τ → +0).
It should be stressed that in the case D = 5 and p = 1, the solution presented above is a general one when all charge
densities Q(I) are non-zero, I ∈ Ωe. More, rigorously, here as in [33], we get that the running “charge densities” Q¯i0i1
are self-dual or anti-self-dual and all scale factors are the same up to constants
φi(t) = φ(t) + ci, (35)
i = 1, ..., 4. The constants ci may be absorbed by an appropriate rescaling of yi coordinates.
III. BREAKING OF OSCILLATING BEHAVIOR NEAR THE SINGULARITY BY CONSTRAINTS
In [5] it was found that certain cosmological models with p-branes may have a “never ending” oscillating behavior,
i.e. as one approaches the cosmological singularity the Kasner parameters of the asymptotic metric “jump” between
different locally constant values. This is similar to the behavior found in Bianchi-IX model [8] and in multidimensional
models with multicomponent perfect fluid [1, 2, 3].
This oscillating behavior may be described graphically using the so-called billiard representation near the singularity.
The point described by the anisotropic part of the minisuperspace coordinates z = (za) ( a = 1, ..., n− 1) moves in
the asymptotical regime near the singularity in a region enclosed by “hard walls” corresponding to inequalities on
the Kasner parameters such as (16). The za are linear combinations of the xi(t) from (2), i.e. they are combinations
of logarithms of the scale factors. The point z(t) traces out path in this region until it encounter a “wall” at which
point it recoils and moves toward another “wall”. An example of the billiard approach for a model with scalar fields
and form fields (with the form fields having a composite S-brane ansatz) can be found in [5].
Here we show that this oscillating behavior near the singularity can be broken in certain cases due to the compos-
iteness of the branes and the diagonality of the metric. We show this via two examples: D = 4 with 2-forms, and
D = 5 with 3-forms. In each case the breaking of the oscillating behavior is a result of the constraints on charge
densities, following from the non-diagonal part of Hilbert-Einstein equations.
A. 4-dimensional model with 2-form
Let us consider the 4-dimensional model
S4 =
∫
M
d4z
√
|g|
[
R[g]− 1
2!
F 2[2]
]
, (36)
with the metric g and 2-form F[2] = dA[1] defined on a 4-manifold M . The metric is taken as diagonal and of the
form
ds2 = −e2γ(t)dt2 +
3∑
i=1
e2φ
i(t)(dyi)2, with γ =
3∑
i=1
φi. (37)
The electric 2-form has the composite form
F[2] =
3∑
i=1
dΦi ∧ dyi. (38)
From (24) we get
Φ˙i = Qi exp(2φ
i), (39)
i = 1, 2, 3.
For this case the constraints from (28) are
Cij = QiQj = 0, (40)
i 6= j; i, j = 1, 2, 3. It follows from (40) that only one charge Qi0 , may be non-zero. At the end of this section we will
use the billiard representation to show that this implies one has asymptotic Kasner behavior, rather than never-ending
oscillating behavior near the singularity.
7Now let us omit for a moment the constraints (40), i.e. the non-diagonal part of Einstein equations is not considered.
Such a “truncation” is equivalent to considering a model with three 2-forms, having the following action
S4br =
∫
M
d4z
√
|g|
[
R[g]− 1
2!
3∑
i=1
(F i[2])
2
]
, (41)
instead of (36) and with a non-composite ansatz
F i[2] = dΦ
i ∧ dyi, (42)
i = 1, 2, 3, instead of (38). Relation (39) survives in this non-composite case.
The asymptotical behavior near the singularity (τ → +0) for this truncated or non-composite model with non-zero
charges is described by the metric [5]
ds2as = −dτ2 +
n∑
i=1
Aiτ
2αi(τ)(dyi)2, (43)
with the Kasner parameters satisfying the relations
n∑
i=1
αi =
n∑
i=1
(αi)2 = 1, (44)
Ai > 0 are constants and n = 3. The Kasner “parameters” α
i(τ) are constant in the intervals τ ∈ [τk+1, τk),
k = 0, 1, 2, . . . , and τk → +0 as k→∞, but take different values for neighboring intervals.
Thus, one gets never-ending oscillating behavior near the singularity, equivalent to that of the Bianchi-IX model [8].
The dynamics of this “motion” may be described graphically as the motion of a “particle” in the well-known triangle
billiard “table” belonging to Lobachevsky space [9] (see also [3, 10, 11, 12]). The reflection from a wall describes the
change to a different Kasner “epoch”. The “collision law” for the “particle” in terms of Kasner parameters may be
obtained from general relations given in [32, 35]. This triangular billiard “table” is depicted in figure 1. It is the
interior triangle with curved, hard walls labled by +∞. These infinite positive walls result from the fact that the
scalar product of all U -vectors obey
(U I , U I) ≡ GijU Ii U Ij =
1
2
> 0, (45)
for I = {i}, i = 1, 2, 3, [3, 5]. Relation (45) is obtained from (15) with ds = 1 and hαβ = 0. Here and in the next
subsection Gij = δij +
1
2−D are the components of the inverse matrix to the matrix of the minisuperspace metric
Gij = δij − 1 with i, j = 1, . . . , n (for its diagonalization, see for example, [37]). The enclosure of the billiard table in
figure 1 is not compact but it has a finite area.
The never-ending oscillating behavior for the non-composite model takes place since for any Kasner set α = (αi)
there exists a brane U -vector satisfying
U I(α) = αi ≤ 0, (46)
for I = {i}, i = 1, 2, 3, [5]. We note that the equality in the right hand side of (46) takes place at the three vertices
of the triangle, namely, α = (0, 0, 1), (0, 1, 0), (1, 0, 0).
Returning to the composite model, the constraints (40) imply that two of the charges vanish and, hence two of the
walls of the billiard “table” vanish. This opens a region at infinity for a non-oscillating asymptotical Kasner type
behavior.
This example has a straightforward generalization to (n + 1)-dimensions. It is interesting to note that as it was
shown recently in [38] in the general case of non-diagonal metric (18) the oscillating behavior near the singularity is
recovered for the (n+ 1)-dimensional model with a 2-form. In this case there is (asymptotically) one “jumping” wall
that effectively acts as a full set of walls.
B. D = 5 model with 3-form
Now we consider the following 5-dimensional model
S5 =
∫
M
d5z
√
|g|
[
R[g]− 1
3!
(F[3])
2
]
, (47)
8FIG. 1: The triangle billiard for D = 4, q = 2. The hard walls, +∞, come from (45). The “particle” described by the
minisuperspace coordinates, za, moves in this billiard until it encounters a wall and is reflected. The enclosure of the billiard
is non-compact but the area is finite.
with metric g and 3-form F[3] = dA[2] defined on a 5-dimensional manifold M .
It follows from the results of section 2 that the general solutions with maximal number of composite electric
S1-branes (strings) resulting from the action (47) with a diagonal metric are
ds2 = −e8γ(t)dt2 +
4∑
i=1
e2φ(t)+2c
i
(dyi)2, (48)
and
F[3] =
∑
I
dΦI ∧ τ(I), (49)
where I = {i, j}, i < j; i, j = 1, 2, 3, 4, and all charges QI are non-zero. As can be seen from (32) - (34) this solution
has neither an oscillating nor even a Kasner-type behavior (i.e. writing the metric in Kasner form, (43), the Kasner
powers do not satisfy (44)) near the singularity.
Now we omit the constraints (28). This leads to a model with six 3-forms having the action
S5br =
∫
M
d5z
√
|g|
[
R[g]− 1
3!
∑
I
(F I[3])
2
]
, (50)
instead of (47) and a non-composite ansatz
F I[3] = dΦ
I ∧ τ(I), (51)
instead of the composite one (49).
We can use the results of [5] to show that for these non-composite solutions with non-zero charge densities, QI ,
of the 1-branes (strings) we get never-ending oscillating behavior near the singularity as τ → +0, described by the
metric formulas (43), (44) with n = 4 and certain locally constant functions αi(τ).
In this case we get a 3-dimensional billiard “table” with six walls that form a deformed cube. From the relationships
in [5] the explicit form of this billiard belonging to the 3-dimensional Lobachevsky space (“ball”) H3 = D3 = {~z ∈
R3 : |~z| < 1} is given by the six inequalities
|~z − ~vk| >
√
2, (52)
k = 1, ..., 6, where
~v1 = −~v6 = (
√
3, 0, 0), ~v2 = −~v5 = (0,
√
3, 0), ~v3 = −~v4 = (0, 0,
√
3). (53)
As in the previous example the enclosure of the billiard is not compact, but the volume is finite. This can be seen in
terms of the “illumination” of the Kasner sphere by point sources of “light”. The sources of light located at the points
9~vk, k = 1, ..., 6, completely illuminate the unit sphere S
2 = {~z ∈ R3||~z| = 1}, and according to the “illumination”
theorem of [3, 5] the billiard has a finite volume.
As in the previous example the walls come from the fact that the scalar products of all U -vectors obey
(U I , U I) ≡ GijU Ii U Ij =
2
3
> 0, (54)
for I = {i, j}, i < j, [3, 5]. In (54) we have used (15) with ds = 2 and hαβ = 0.
One will get never-ending oscillating behavior for the non-composite model since for any Kasner set, α = (αi), there
exists a brane U -vector which satisfies
U I(α) = αi + αj ≤ 0, (55)
for I = {i, j}, i < j. We note that the equality in the right hand side of (55) takes place for α = (0, 0, 0, 1), (12 , 12 , 12 ,− 12 )
and 6 other sets obtained by permutations. These are points on the Kasner sphere S2 coinciding with the eight vertices
of the “deformed” cube.
In the composite case, as we have seen from the exact solution given by (32) - (34), there is no oscillating behavior
of the scale factors. From the billiard representation point of view this solution corresponds to a static point in the
billiard.
IV. CONCLUSIONS
In this paper we have presented examples showing that the never-ending oscillating behavior near the singularity
with diagonal metric can be broken when non-composite branes are replaced by composite ones.
The mechanisms of breaking the oscillating behavior are different in these examples. In the 4D case the “constraints”
(28) destroy all the walls of the billiard “table” except one. In the 5D case in general some of the walls could also
be “destroyed” due to zero charge densities. But in our example all walls survive since all the charge densities Qij
are non-zero and obey (anti)-self-duality relations. In this case the constraints select only those solutions that have
simple isotropic behavior (with non-Kasner and non-oscillating behavior near the singularity).
These examples suggest a conjecture that an analogous effect may take place for 11-dimensional supergravity and
10-dimensional models of superstring origin. In other words, one may consider the following hypothesis: for certain
supergravity models (say, for D = 11, or D = 10 IIA supergravities) there are no composite S-brane solutions with
(block)-diagonal metrics that have a never-ending oscillating behavior near the singularity.
We note that in [5] an example of oscillating behavior described by a 4-dimensional billiard of finite volume in
“truncated” D = 11 supergravity model (without the Chern-Simons term) was suggested. This billiard was supported
by ten magnetic 5-branes. It was shown that the inclusion of the Chern-Simons term destroyed some walls of the
billiard “table” and allowed an asymptotical Kasner-like behavior as τ → +0. Interestingly, the constraints of Chern-
Simons origin in [5] look very similar to the constraints considered in this paper. It should be pointed out that recently
some other mechanisms for avoiding oscillating behavior near the singularity were suggested in [39, 40].
The main conclusion of this paper is that the never-ending oscillating behavior near the singularity of solutions in
certain cosmological models with forms (and scalar fields) can be broken or avoided. This avoidance of the oscillating
behavior can be attributed to the form of the ansatz considered here: a diagonal metric, and composite electric
ansatz for the form-fields. This result comes from the constraints on the brane charge densities which are due to
the diagonality of the metric and the compositeness of the brane system. This shows that such behavior may not be
generic to such higher dimensional cosmologies.
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